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Abstract

A New Initial Point Search Algorithm
for Bayesian Calibration
with Insufficient Statistical Information:
Greedy Stochastic Section Search

Hyeonchan Lee

Department of Mechanical Engineering
The Graduate School

Seoul National University

Computer-Aided Engineering (CAE) models are essential in the product design, operation,
and maintenance processes. However, CAE models have not only aleatory (irreducible)
uncertainty but also epistemic (reducible) uncertainty caused by excessive assumptions or a
lack of knowledge in modeling actual physical phenomena. These uncertainties degrade the
predictive performance and eventually reduce the usability of the CAE model. However,
model calibration can improve the validity of models. On the other hand, with the
improvement of internet-of-things (IoT), wireless sensors, and computing power, the
technologies of integrating the physical system and CAE model are attracting attention,
which is called a digital twin. Because CAE models are updated and calibrated based on data
acquired from physical system online, the importance of model calibration techniques are
growing. Bayesian calibration, a kind of statistical model calibration, utilizes not only

observed data but also prior knowledge in a statistical manner using Bayes’ theorem.



However, there is a problem of complex integration when performing complex model
calibration that deals with high-dimensional multi-modal distributions. Markov Chain Monte
Carlo (MCMC) solves this problem with the Monte Carlo integration method. In the MCMC
method, the initial point significantly affects the burn-in period that wastes the sample in the
early sampling stage and the calibration performance. However, a proper initial point cannot
be obtained if the prior knowledge is insufficient. In this thesis, we developed a cost-effective,
stochastic algorithm, the Greedy Stochastic Section Search (GSSS), that can systematically
explore parametric space to the proper initial point even when the prior knowledge is
insufficient. We verified the algorithm's performance through a numerical example with
MoG#6 in 6D distribution and calibration of engineering examples: the cantilever beam and

the transmission line model.
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Markov Chain Monte Carlo

Initial point search algorithm

Student Number: 2020-28845



Table of Contents

ADSEract ... i

Chapter 1.  Introduction .............c.ccooviiiiiiiiin 1
L1 MOtIVALION ...t 1
1.2 Dissertation LaYOUL ........cccuiiiiiiiiiieiiesiee s 3

Chapter 2. Research Background ...............c..cccooiiiiiiicen, 5
2.1 Probabilistic Relation of System Response and CAE Model Prediction ......... 5
2.2 Bayesian Model CalibTation...........c.oioveierririenienenee e 6
2.3 Markov Chain Monte Carlo (MCMC) Method...........ccooeeiiiiniiniiicneneeeene 7
2.4 Golden Section Search (GSS) Algorithm.........ccooeviiiiiiiiiiice e, 9

Chapter 3.  Greedy Stochastic Section Search (GSSS) algorithm .. 13

3.1 Greedy Choice Method ..........ccceiiiiiiiiiiiiicic e 13
3.2 Stochastic Search Method ..........ccccoiiiiiiiiiiiii e 15
Chapter 4. Case Studies .............ccoooiiiiiiieniee e 19
4.1 Numerical Example : Mixture of Gaussian (MoG) 6 in six dimension ......... 19
4.2 Engineering Example 1: Bayesian Calibration of Cantilever Beam .............. 23

4.3 Engineering Example 2: Bayesian Calibration of The Transmission Line



Chapter 5.  ConcluSions ..............cccvviiiiiiiien e 37

5.1 Summary and CONntribULIONS ...........coveereriinieeneniee e 37
5.2 Suggestions for Future Research...........cccoovieiiiiiiiiicic e 38
References...........cocooviiiiiiiii 40
ADStract (KOream)............ccooouviiiiiiiiiie e 45
K, ] '-I.'\' ]
iv =L



List of Tables

Table 4-1 The coordinate of modes of MoG6 distribution

Table 4-2 The ground truth vector of engineering example 1...........cc.ceeueee. 25


file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874411
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874412

List of Figures

Figure 1-1 Bayesian model calibration process ..........c.cceevvrvreenereennnesieennes 2

Figure 1-2 The effect of bad initialization in the MCMC method, (100, 500,
1000, 5000 samples) (a)~(d) : a proper initial point, (e)~(h) : an

IMProper iNitial POINt .....cveiiviiiiie it 4

Figure 2-1 Sampling results of various MCMC algorithms. (a) Metropolis-

hastings algorithm, (b) slice sampling algorithm, (c) Hamiltonian MC

Figure 2-2 The flow chart of GSS algorithm in one dimension.................... 10
Figure 2-3 A schematic explanation of the GSS algorithm in one dimesion 10
Figure 2-4 The flow chart of GSS algorithm in N dimension..............c........ 11
Figure 3-1 A iteration of GSSS algorithm..........cccccoovviiiniiiiiiice 13
Figure 3-2 The summary of the proposed method, the GSSS algorithm. .....15
Figure 3-3 A numerical example to show effect of a split ratio .................... 16
Figure 3-4 The effect of @ SPlit TatI0 .....cevvviveeiericie e 16

Figure 3-5 Process of probability calculation in Density-based Reference

Point SAMPIINg .......coooveiiiiiiiiic e 17
Figure 4-1 The qualitative result of the numerical example .............c.ceeeee. 21
Figure 4-2 The frequency of the initialization mehtod ...........c.cecevirnennnn. 22

Figure 4-3 The quantitative result: Kullback-Leibler divergence (KLD) (a)

the schematics of the distribution, ideal result and drawn result (b) KLD

vi &l == L]


file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874413
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874414
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874414
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874414
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874415
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874415
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874415
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874416
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874417
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874418
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874419
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874420
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874421
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874422
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874423
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874423
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874424
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874425
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874426
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874426

results by initialization methods ...........ccoooveeiiniiin e 22

Figure 4-4 (a) Schematics of cantilever beam and (b) excitation visualization

Figure 4-5 The multi-modal characteristics (a) visualization of calibration

vectors (b) simulated response from calibration vectors (6)................. 24

Figure 4-6 Procedures for a Bayesian model calibration of the engineering

EXAMPLE L. 26
Figure 4-7 The result of the sampling method initialization.................c....... 28
Figure 4-8 The result of the GSS method initialization ............cccceevveneennen. 29
Figure 4-9 The result of the GSSS method initialization ...........cc.cceeervennn 30
Figure 4-10 The quantitative result of engineering example 1 ..................... 32

Figure 4-11 The simulated blood pressure from the transmission line model

............................................................................................................... 33
Figure 4-12 Procedures for a Bayesian model calibration of the
eNgINeering eXamPIe 2.......cccovvriiiirieiiiiree e 34
Figure 4-13 The quantitative result of engineering example 2 ..................... 36
7] - ]
vii N = U


file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874426
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874427
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874427
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874428
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874428
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874429
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874429
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874430
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874431
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874432
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874433
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874434
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874434
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874435
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874435
file:///G:/내%20드라이브/대학원/졸업/Thesis/Thesis_0204_wo_감사의말.docx%23_Toc94874436

Chapter 1. Introduction
1.1 Motivation

Numerous experiments on the engineering system are required for engineering decisions.
Computer-Aided Engineering (CAE) models play an essential role in engineering decision-
making, including designing products and maintenance, as they can be performed at a lower
cost and faster than analysis based on experiments.[1, 2] However, there are uncertainties in
many variables related to the CAE model. the predictive performance of the CAE model
deteriorates due to various types of uncertainties. Uncertainties can be classified into three
categories depending on the sources: physical uncertainty, modeling uncertainty, and
statistical uncertainty. These uncertainties can be classified more specifically to aleatory
uncertainty and epistemic uncertainty. Aleatory uncertainty is reducible if more data is
provided; on the other hand, epistemic uncertainty is irreducible though more data is
provided.[1, 3, 4]

Model calibration is a process of finding a set of model parameters that obtain the best fit
between the model’s prediction and measurement while reducing the uncertainties.[1, 2, 5, 6]
Deterministic model calibration reduces the difference between observation and the predicted
model response value. On the other hand, the statistical model calibration method reduces
the uncertainty of the calibration variables by using a statistical method. Because of the
uncertainties associated with the CAE model, deterministic calibration methods can degrade
model performance. For this reason, statistical model calibration is getting attention because

it can take into account various uncertainties.[2]
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Figure 1-1 Bayesian model calibration process

Figure 1-1 describes the process of Bayesian model calibration. Bayesian calibration, one of
the statistical calibration methods, is a method that has the advantage of using prior
knowledge as a prior probability or distribution in Bayes’ theorem and updating posterior
distribution sequentially with repeated experiments.[1, 6, 7] However, calculating the
normalizing term in the Bayes’ theorem, complex integration must be calculated and limits
the use of Bayesian model calibration.[8, 9]

Monte Carlo integration with the sampling method can approximate complex distribution.
Markov Chain Monte Carlo (MCMC) method is the most efficient and effective sampling
method.[9, 10] Since the MCMC algorithm acquires a new sample based on the current
sample if the initial point is selected in the low-density region of the target distribution, many
samples acquired in the early stage are wasted due to a long burn-in period. In the worst case,
all samples acquired in a limited time may be meaningless.[11] Figure 1-2 shows the effect
of an initial point. In this figure, (a) ~ (d) shows the result of sampling started from an
appropriate initial point; on the other hand, the rest started from an improper initial point.

Each figure shows the approximation results of acquiring 100, 500, 1000, and 5000 samples,



respectively, as the alphabetical order increases. In the case of the proper initial point, it can
be seen that the distribution is approximated similarly with only 1000 samples as seen in (c),
but in the case of an improper initial point, the approximate result with 1000 samples does
not explain the target distribution at all in (g) As you can see. Even when 5000 samples are
acquired in (h), it can be seen that inaccurate approximation results are obtained if the
samples in the burn-in period are not removed. In this research, we propose an initial point
search algorithm, the GSSS, to overcome problems that overcome the problem of insufficient
prior knowledge and improve the usability of MCMC.

1.2 Dissertation Layout

This thesis is organized as follows. In chapter 2, preliminaries are explained, such as the
probabilistic relationship between CAE model prediction and physics system response, the
concept of Bayesian model calibration, the MCMC method, and the Golden Section Search
(GSS) algorithm. In chapter 3, the proposed method, GSSS, is described in detail. This
chapter consists of the main concepts of the greedy choice method and the stochastic search
method. In chapter 4, three case studies are represented to verify the proposed method. These
examples include one numerical example and two engineering calibration examples. Finally,

chapter 5 is a conclusion. Summary and suggestions for future study are presented.
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Chapter 2. Research Background

This chapter introduces the preliminaries and research background. Chapter 2.1 describes the
probabilistic relationship between the CAE model and physical system response, and Chapter
2.2 the concept of Bayesian calibration and practical difficulties related to integral. In Chapter
2.3, we explain the concept of MCMC and the initial point problem, which is research
motivation. Finally, Chapter 2.4 explains the concept and limitations of the Golden Section
Search (GSS) method.

2.1 Probabilistic Relation of System Response and CAE

Model Prediction

Experimental observations include not only epistemic (reducible) but also aleatory
(irreducible) uncertainty. Physical, environmental uncertainty and measurement error are
examples of aleatory uncertainty. An observed response can be expressed as Eq. ( 2.1),

considering uncertainty.[2, 12, 13]

Yobs = Vtrue T € (2-1)

Yirue represents a true response of a system, y,,s observed response and € aleatory
uncertainty. y,,s is defined as a random variable because of epsilon.

CAE model requires model parameters (e.g., material property, dimensions) in addition to
model input to predict a response. If modeling is conducted with sufficient knowledge, so
modeling error is negligible, a true response can be replaced with a model prediction (yy4¢)-

Yobs =Y(X,0) +€ (2.2)

Eq.( 2.2) shows a probabilistic relationship between model prediction () and observed
response (Y,ps)- A likelihood, f(y,ps]0), can be defined and utilized in Bayesian model

calibration.[14]



2.2 Bayesian Model Calibration

Statistical model calibration is a process that reduces uncertainty in calibration variables to
improve the CAE model’s predictive performance. Bayesian model calibration is a kind of
statistical model calibration that uses Bayesian inference, an estimation method using
Bayesian statistics. [1, 6, 13] In Bayesian statistics, parameters are assumed not a
deterministic value but random variables, so the degree of belief can be expressed as a
probability. Using Bayes’ theorem, prior knowledge about calibration variables is
transformed to the prior probability of calibration variables (P(6)) and updated with
observed data (y). Updated distribution, called posterior distribution (P(6|y)), means

knowledge about calibration variables after observing data.[15]
P(y|6)P(0)

POY) =505

(2.3)

P(y|0) in Bayes’ theorem ( 2.3) is the likelihood. Likelihood means how likely data y is
observed given 6 and is function of calibration variable 6. Likelihood function quantify the
similarity between observation and simulated result for a given parameter 6.

In the process of Bayesian calibration, observed data is included in likelihood, so it affects
the posterior distribution. In a statistical model with 6 as a parameter, the more similar the
data generated to the observed data, the higher the likelihood, and the less similar, the lower
the likelihood. [1, 5, 6, 13]

P(y) is a marginal probability and plays a role of normalizing constant. Calculating
normalizing terms in the Bayes theorem is intractable as the number of calibration variables
increase because it requires high dimensional integration. Model calibration associated with
multiple calibration variables investigates high dimensional multi-modal distributions.[9]

This integral problem makes difficult to use the Bayesian calibration method.



Monte Carlo sampling and Monte Carlo integration are widely used to accomplish Bayesian
calibration of complex systems. [16] The sampling method is also a solution to the integration
problem in summarizing posterior results with posterior mean or maximum a posteriori
(MAP). [1, 8, 9]

2.3 Markov Chain Monte Carlo (MCMC) Method

MCMC is the most efficient sampling method utilizing the Markov chain’s property. The
Metropolis-Hasting (MH) algorithm is the most basic MCMC algorithm and is a proper
algorithm for understanding the MCMC method. MH algorithm iteratively draws a new
sample (6™) from proposal distribution (q(6*|6)) and decide to accept it or remain at the old

sample (6) with acceptance probability defined as

P(e*)qu*)} (2.4)

A(6,0%) = min {1, P(8)q(0°10)

where P(0) is the target distribution. MH algorithm is summarized as flow chart in

Algorithm 1.

Algorithm 1 Metropolis-Hastings algorithm

Initialize 6°
for1=1,23...do
Propose: ecanfii.date ~ q(gilgi—l)
Accept Probability:

A(Qi_l, gcandidate) = min {1:

P(Q candidate)q(g i-1 | Bcandidate*)
P(Qi—l)q(gcandidnate|9i—1) }
u ~ Uniform(0, 1)
if u< A(Qi_l Qcandidate):

accept the proposal: @' « xcandidate
else: . '
reject the proposal: 8% « x'~1
end if
end for




If we can calculate the pdf value of any point of the target distribution, the MCMC algorithm
can draw samples from the target distribution without expressing analytical form. Therefore,
when performing Bayesian calibration using MCMC, samples can be directly obtained from
the posterior distribution without being expressed in the analytical form of each of the prior,
likelihood, and normalizing terms. Furthermore, because the ratio of P(0) and P(6%) is
required, not each of the values in calculating the acceptance probability, it is unnecessary to

calculate the normalizing term in the posterior sampling process as follows:

P(y|6")P(6")

P@"ly) _ P(y)  _P@le)P®") (25
P(6ly) POIO)P6)  P(yl6)P(6) '
P(y)

Therefore, if prior (P(6)) and likelihood (P(y|6)) can be computed at any values, we can
apply MCMC algorithms. Researchers have been focused on proposal distribution and
developed many MCMC algorithms like Metropolis-hasting, slice sampling, Hamiltonian
MC. [9, 10, 16, 17] These algorithms have unique methods of proposing a new sample, that
is, proposal distribution. Figure 2-1 represents some results of three MCMC algorithms: (a)
Metropolis-hastings, (b) Slice sampling, and (¢) Hamiltonian MC. However, determining an
initial point of MCMC is previously unstudied because MCMC is an algorithm that
converges regardless of the initial value with infinite time and computing resources. However,
it is trivial that the assumption is invalid. Since all MCMC algorithms propose new samples
based on the previous sample, the initial point affects sampling results performed within a
limited time. Poor initial points cause a long burin-in period, an early stage of sampling, that
wastes computational cost or fails to reach the probable region.[18] Therefore, the
approximation result is unacceptable if the MCMC algorithm starts in an insignificant region
independent of the target distribution. To minimize the effect of an initial point, multiple-

initialize method is adopted. However, this strategy requires a substantial computational



Target distribution
C— Samples

(a) (b) (©)
Figure 2-1 Sampling results of various MCMC algorithms.
(a) Metropolis-hastings algorithm, (b) slice sampling algorithm,
(c) Hamiltonian MC

cost.[7, 19]

Many studies have selected an initial point relying only on prior knowledge despite the
importance of an initial point. Accordingly, it has limitations to use the MCMC method with
insufficient prior knowledge. A more systematic algorithm is required for selecting an initial
point of the MCMC algorithm.

2.4 Golden Section Search (GSS) Algorithm

The GSS is one of the most efficient optimization algorithms for one-dimensional uni-modal
distribution.[20] Because it is a gradient-free algorithm, the GSS is proper to deal with the
objective functions which are difficult to differentiate. The algorithm, proposed in 1953 by
Kiefer, has been used in various fields and applications.[21-23] Figure 2-2 shows the flow

chart of the GSS algorithm in one dimension, and Figure 2-3 is a schematic explanation.
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Figure 2-2 The flow chart of GSS algorithm in one dimension
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] Convergence

Optimization done

Figure 2-4 The flow chart of GSS algorithm in N dimension

[21] used the algorithm to search the initial point of hyperparameter optimization of the
kriging model. This study showed that the GSS algorithm outperformed the genetic algorithm
as the initial point search method. The authors reduced the dimensionality of the
hyperparameter to a single variable using a radial basis function (RBF) so that they could
apply the GSS algorithm without modifying it.

Some researchers use the GSS algorithm to optimize 2-D space and analyze the algorithm’s
characteristics. According to [24], the time complexity of the GSS in n-D is 0(2V).
Furthermore, the search space dimension is larger, the elimination region smaller. The flow
chart of the GSS algorithm of the N dimension is shown in Figure 2-4. For example, every
iteration eliminates 40% of search space by comparing two candidate points in 1-D and, on
the other hand, 16% by comparing four candidate points in the 2-D case. Also, if the boundary

condition is fixed, the result of algorithm implementation is determined. This deterministic

= L.
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characteristic is a limitation to applying GSS to the initial search task because it is impossible

to converge multiple modes.
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Chapter 3. Greedy Stochastic Section Search (GSSS)
algorithm

This chapter proposes the GSSS algorithm, a new initial point search algorithm for the
MCMC method. The GSSS is an algorithm proposed to overcome the exponential increase
of computational cost in a high dimension of GSS and the problem that cannot be applied to
multi-modal distribution due to its deterministic nature. GSSS reduces the computational cost
by applying a greedy algorithm to the boundary update process at every iteration of the GSS
to search a subset of the search space. In this process, the necessary reference points were
stochastically selected, and the split ratio was defined as a random variable so that the
algorithm had stochastic properties.

The GSSS algorithm can be applied only with the constraints of the upper bound and the
lower bound, and Bayesian calibration can be started in different modes of the high-
dimensional multi-modal distribution through iterative search. The overall process of GSSS

is summarized in Figure 3-2.

3.1 Greedy Choice Method

PDF: z-f{6,. ..., 6,)

92,up 92‘1111 - 92.up -
(2) (2) (2)
1) (1) (1)
92_low - 1 1 HZ.IQW - 1 | HZ.IDW B 1 |
Hl,low 6)l,up Gl,low Bl,up 6)l‘luw 6’Lup
(a) (b) (c)
Figure 3-1 A iteration of GSSS algorithm
.-':lx_-i 'T. -T I
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The greedy algorithm is a method that makes the best choice at each point without
considering long-term performance.[25] A greedy algorithm is used to reduce computational
costs in various fields. [25-27]

Here, the greedy concept is used to reduce the search space searched in the iteration of GSS.
GSS searches all lattice points of the search space determined by the upper and lower
boundary and split ratio by brute-force search and updates the boundary at once. As explained
in Section 2.4, the lattice points increase exponentially as the dimension increases, making it
difficult to use. In GSSS, the Greedy choice method does not search all lattice points and
update them at once but determines one reference point among lattice points and updates the
boundary for each dimension based on this.

In Figure 3-1, (a)~(c) shows the single iteration of the update process of GSSS. The gray-
colored point is determined as a reference point, and the candidate points are to be compared
accordingly. Iteratively updates each dimension based on the reference point. Figure 3-1(b)
is the process of updating the dimension. When comparing the reference point and the value
of pointl, the shadowed blue area is eliminated because point 1 has a more significant value.
Figure 3-1(c) updates the boundary of the dimension in the same way. If the algorithm is used
in more than two-dimensional space, repeat this process for all dimensions. If the Greedy
algorithm was not used in 2D, the values of all four lattice points had to be calculated, but
the greedy algorithm was applied to update the three-point calculations. In 2D, 1 point is
saved, but the cost saved increases exponentially as the dimension increases.

The most crucial role in the greedy choice method is the reference point. When the reference
point is determined, selecting the reference point is important because the candidate point to
be evaluated in the iteration is determined accordingly. It is dealt with in the following

stochastic method.
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Set boundary condition (x;, x,,, €)
X], X,,: lower, upper bound
€ : convergence criteria

v

Determine split ratio(7’)
T : split ratio ~unif (0.6,0.95)

v

Choose reference point(x,.) nEE

v

Compare X,..r and conjugate set(X .y, ;)

v

Update boundary(x;, x,,)

Convergence?

Initial point search done

Figure 3-2 The summary of the proposed method, the GSSS algorithm.

3.2 Stochastic Search Method

We made the GSSS algorithm stochastic in two ways. The first is a method of defining the
split ratio of the GSS algorithm as a random variable, and the other is a Density-based
Reference Point Sampling method that selects a reference point in a probabilistic way based

on the search density in the process of the greedy choice method.
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Figure 3-4 The effect of a split ratio

v
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Figure 3-3 A numerical example to show effect of a split ratio

As shown in Figure 3-4, the mode in which the GSS algorithm converges varies according to
the split ratio in the multi-modal distribution. Considering this, the split ratio, which was a
deterministic value in GSS with a golden ratio (0.618), was defined as a random variable so
that it could converge to different modes when the GSSS algorithm was repeatedly applied.

Figure 3-3 is the result of 1000 repetitions by defining the GSS and split ratio as a uniform
random variable with a range of 0.6 to 0.95. In the deterministic GSS algorithm of split ratio,
it can be seen that all simulations converge to one mode. However, in the case of the random

variable split ratio, the algorithm converges evenly in both modes.

16



Next, Density-based Reference Point Sampling is a method of selecting a reference point in
the greedy choice process. (Figure 3-5) The theoretical basis of this method is the upper
confidence bound (UCB), which is used to make decisions with partial information feedback
in multi-armed bandit or Monte Carlo tree search methods. [28-30] Density-based
uncertainty quantification is performed to apply the UCB method, which quantifies
uncertainty in the discrete domain based on frequency, to the continuous domain. The method
runs the algorithm, estimates the density of the search space using kernel density estimation
(KDE) for the points searched up to the previous iteration and calculates the density of all
lattice points. [27, 31, 32] In this case, high density means that there is much information
about the region adjacent to the corresponding lattice point, which means that uncertainty is
low. Conversely, a low density means less information and high uncertainty, so a strategy that
determines a lattice point with high uncertainty as a reference point with high probability
makes it possible to search the search space evenly. The uncertainty of each lattice point is
quantified as U;. This expression is an expression of replacing frequency with density in the

term meaning uncertainty in UCB. At this time, instead of simply determining the point with

In(?) P(0;)=softmax(U;)
I-:
D.
! ORer ~P(0;)
U. : A measurement of uncertainty »
t : The number of iter. so far : Sample @per from calculated PDF

D;. Density evaluated using KDE

o Doe. wllog

D

Figure 3-5 Process of probability calculation

in Density-based Reference Point Sampling
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the highest uncertainty as to the reference point, the uncertainty is converted into a probability
using the softmax function, and the reference point is determined probabilistically based on

this. [33]
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Chapter 4. Case Studies

In this section, to verify the performance of GSSS, apply it to one numerical example and
two engineering examples to analyze the results. In the numerical example, the characteristics
of the initial value search method are compared using the known multi-dimensional multi-
modal distribution to help the understanding of the proposed method and to analyze the
effects of the greedy and stochastic search methods, respectively. The CAE model is
calibrated through two calibration case studies, and the performance according to the initial
value search method is compared. The effectiveness of the proposed method can be compared
with the error and inference time of the calibration result according to the initialization
method. For all examples, initial values are selected and compared using sampling from non-
informative prior (sampling method), GSS, and GSSS methods.

4.1 Numerical Example :

Mixture of Gaussian (MoG) 6 in six dimension

A Mixture of Gaussian 6 (MoGo6) distribution is a gaussian mixture distribution with six
modes.[34, 35] This research aims to develop a cost-effective, stochastic algorithm for high-
dimensional multi-modal distributions, so MoG6 in 6D distribution is a proper distribution.
Information on each mode of this distribution is shown in a Table 4-1. Except x; and x,,
other element of modes are set to be 0; the value of x3 ~ x4 are zero.

This example applies only initial point search methods, excluding estimating distribution
with the MCMC algorithm. For the non-informative distribution, a uniform distribution in
which the boundary of each dimension is [-100, 100] was chosen. The boundary between
GSS and GSSS is the same as the sampling method, and the convergence criterion (€) is set

to 0.01. Each method is executed 10,000 times.
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The number of calculations and Kullback-Leibler divergence (KLD) with the ideal case is
used as a metric to compare initial search methods. The former quantifies computational costs
and the latter mode search performance. To explain more details about KLLD, converging to
the low-density region means failing to find proper initial points. The more evenly model
converges to each mode, the better the performance.[36] So, the ideal case is where search
results converge to each mode with a probability of 1/6 and never converge to the low-density
region. The searched initial point is classified into 6 modes (from mode 1 to mode 6) and
low-density region (search failure), transformed as frequency and compared with the ideal
distribution. The lower the KLD, the smaller difference from the ideal distribution, so the

smaller the KLD, the better method is.

Table 4-1 The coordinate of modes of MoG#6 distribution

Mode number X1 Xq
1 -5 -8.66
2 5 -8.66
3 10 0
4 5 8.66
5 -5 8.66
6 -10 0

20 ' fH kl 1-'” L



(a) (b) (©

Figure 4-1 The qualitative result of the numerical example
Qualitative results are shown in Figure 4-1, which is visualized by marginalizing the search
results from each method. It can be seen that the results of the sampling method are randomly
selected within the boundary. In GSS and GSSS, it can be seen that all points converge near
the mode, but in the case of GSS, it can be seen that all trials converge to the same point. On
the other hand, it can be seen that the results of GSSS converge to all modes. In Figure 4-3,
we represented the convergence ratio for each mode. In the marginal plot, the sampling

method also seemed to converge on some modes, but all implementation never converged to

any modes. GSS converges on all points in mode 3, and GSSS converges evenly on six modes.

The results of quantification with KLD and elapsed real-time are summarized in Figure 4-2.
The bootstrap method was used to estimate the variation of the result. KLD, a metric of initial
point evaluation, is shown in Figure 4-2(b) in log-scale. Finally, we did a test for the time
complexity analysis. GSS requires 604 calculations to find an initial point, but the GSSS
158.1 on average. This result suggests that GSSS is an algorithm that converges in various

modes while being cost-effective.

1 |
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Figure 4-3 The frequency of the initialization method
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Figure 4-2 The quantitative result: Kullback-Leibler divergence (KLD)
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4.2 Engineering Example 1:
Bayesian Calibration of Cantilever Beam

0= [ta' tp, tey Mg, My, Mc]

u(o) N
W = Z |
H l Lo |w
= i I
) > v R
L Time (s)

(@) (b)

Figure 4-4 (a) Schematics of cantilever beam and (b) excitation visualization

Two Bayesian calibration case studies are provided to demonstrate the effectiveness of the
proposed method. The first case study is to infer vibration excitation information which
includes excitation timing and magnitude. In diagnosing a bearing fault or a mechanical fault
of On-Load Tap Changer (OLTC), the vibration excitation time difference or magnitude can
be used as a health index so that this case study can be expanded to the fault diagnosis
method.[37, 38]

Figure 4-4(a) is a schematic of the FEM model, and Figure 4-4 (b) shows how the calibration
variable is visualized in this example. The variables of the model include dimension,
mechanical property, excitation time and magnitude. Among these, only excitation time and
magnitude were defined as calibration inputs (8) and other known model inputs (x). This
case study is assumed to have three excitation events. The response is 5 seconds of vibration
signal acquired with a sampling rate of 2,000 Hz.

Calibration vector whose elements are calibration variables 6 = [tg,ty, t., My, My, M)

determine response. As the vibration signal observed is the superposition of the responses of
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excitations, what matters is not each element but the time-magnitude pair of the vector. For
example, 6; = [ty t,, t5, My, My, M3] and 0, = [t,, t3,t, My, M3, M;] are different
vectors, but generate the same vibration signals. This means that the target distribution of
Bayesian calibration is multi-modal. This is illustrated graphically in Figure 4-5. Figure 4-5(a)
is a different vector, but when visualized, it explains that these vectors are semantically
equivalent, and Figure 4-5(b) is a figure showing the same response generated from these
vectors.

However, since the target probability distribution is unknown, it is necessary to rearrange the
time-magnitude in chronological order through sorting to compare the calibration results. For
example, 0 = [t t3,t;, M,, M3, M;] where (t1<t2<t3) then 0" =
[tq, t2, t5, My, My, M3] Rearrange 6 to 8" and compare it with the ground truth vector.
We use the slice sampling algorithm to estimate probability distribution, which is a type of
MCMC algorithm. Using sampling results, we acquire 60 chains of 1000 samples and
estimate the calibration variable with Maximum a Posteriori (MAP). And in order to analyze

the effect of the quality of the initial point, we compared and analyzed the initialization

9:[ 'tb't(." 'Mb'Mc]

Force (N)

Time (s) Time (s)

(a) (b)
Figure 4-5 The multi-modal characteristics
(a) visualization of calibration vectors

(b) simulated response from calibration vectors (6)
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methods. The non-informative prior for the sampling method used a uniform distribution,
and the boundary was set to time [0, 2.5] and magnitude [0, 10].

The Bayesian calibration process proceeds as Figure 4-6. The target data is generated with
ground truth values as in Table 4-2. Continuous wavelet transform is performed on the target
signal and the signal generated by model simulation. Features that include time, scale, and
magnitude (d, d*) are extracted from a ridge of cwt. This distribution of d, d* is estimated
using KDE as the likelihood function (f (d|6)) then, multiply this by the prior to calculate

the posterior. Repeat Step2 and Step3 until enough samples are acquired.

Table 4-2 The ground truth vector of engineering example 1

Time(s) Magnitude(N)
1% excitation 1 4
2" excitation 1.25 2
3™ excitation 1.5 1
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Step 1. Target Data Generation Step 2. Model Simulation

Vibration signal generation(8”) Initialize calibration parameter 8;_4

v
Model simulation with (8;) e

Continuous Wavelet Transform(CWT) v

Continuous Wavelet Transform(CWT)
v

Observed features : d Simulated features :d*

v ¥

Evaluate posterior : f(8|d) < f(d|8)f(8)

Accept sample?

Check sample number

Step 3. MCMC Sampling
Propose New parameter 0;

i=1i

Propose New parameter 0;
i=it+1

Parameter Estimation(é)

Figure 4-6 Procedures for a Bayesian model calibration

of the engineering example 1

Figure 4-7, Figure 4-8, and Figure 4-9 show the qualitative result. The x — axis means
excitation time and the y — axis excitation magnitude in these figures. Three excitations are
plotted with different colors; red represents the first excitation, blue the second, and green
the third. All excitations are not distinguished clearly in the sampling initialization method in
Figure 4-7. In the GSS initialization case, the calibration result is not valid except for the first
excitation. Especially, estimation of the last excitation is unacceptable. (see Figure 4-8)
However, the three excitations are distinguished, and the estimation of the first excitation is
remarkably accurate. (see Figure 4-9) The first excitation estimation result is the best for all

initialization methods, followed by the second and third. It is because the excitation

gl
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magnitude becomes smaller as it goes back and therefore has little influence on the likelihood

function.
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Quantitatively, Figure 4-10(a) shows the implementation time of initialization methods and
Figure 4-10(b) MSE of the Bayesian calibration result. The sampling initialization takes
0.051s, GSS initialization 242.92s, and GSSS initialization 82.29s on average. As the
sampling initialization is drawing a random number from known distribution, it takes little
time. GSSS initialization required about 34% of the time required for GSS initialization.
However, the MSE result of sampling initialization was 3.635, which was inaccurate. The
MSE of the GSSS initialization case was 1.1458, but GSS initialization obtained 0.6552,
which is lower than that. To summarize the case study, better calibration results were obtained

more efficiently when GSSS initialization was used.
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4.3 Engineering Example 2:
Bayesian Calibration of The Transmission Line Model

The transmission line model is a model that can simulate the behavior of a human
hemodynamic system.[39] It is a recursive model that can generate blood pressure waveform
data generated at 55 locations in the human body given five normalized parameters: young’s
modulus (E), thickness (T), radius (R), peripheral resistance (PR), and length (L).
Cardiovascular diseases such as Abdominal Aortic Aneurysm (AAA) or arterial stenoses can
be efficiently detected from blood pressure.[40, 41] Cardiovascular disease may be diagnosed
by estimating parameters from the acquired blood pressure waveform data. Figure 4-11
shows an example of a blood pressure waveform.

The calibration process is as follows. As in Engineering Example 1:

Bayesian Calibration of Cantilever Beam, target data is generated using a specific calibration
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Figure 4-11 The simulated blood pressure from the transmission
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Step 1. Observed output response

Step 2. Simulated output response

True vascular parameters: 8,

Initialize vascular parameters 8.,
(Sampling, GSS and GSSS)

v
TLM Run the TLM model with 8,
v
Output blood pressure: y(8y,.) Simulated blood pressure: y(8)
v v

Evaluate the posterior PDF: f{8|y) ><f(y|8,)f(®)

Step 3. MCMC Sampling

Yes

Accept sample?

Check sample numbe

Update vascular parameters
i=i+1

i=i+1

Update vascular parameters | |

Finally calibrated vascular parameters &_,

Figure 4-12 Procedures for a Bayesian model calibration

of the engineering example 2

vector as the ground truth, and estimation is performed by applying the Bayesian calibration
method. All elements of the ground truth vector are one. Unlike case study 1, in this case,
raw data was used without signal pre-processing. Overall calibration process is shown in
Figure 4-12. Assuming that each data point has the same Gaussian noise type measurement

error, the likelihood was calculated in the same way as the research background as follows.

The detailed formulation is as follow:

Yobs =Y t €
Yobs — Y ~ N(0,%) where X = 0 - Iiyxy
(yl yObSl)
L «
e[ Jen]0 2]
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202

N 2
IOgL(G'y) - Z (yi - yobs,i)
i=1

The prior knowledge is modeled as uniform distribution whose minimum and maximum are
0.8 and 1.2, respectively, and the posterior distribution was calculated as the product of non-
informative prior and likelihood. Also, in this example, the MSE of the Bayesian calibration
result initialized with random sampling, GSS, and GSSS is compared with the computation
time.

Quantitatively, Figure 4-13(a) shows the implementation time of initialization methods and
Figure 4-13(b) MSE of the Bayesian calibration result. The sampling initialization take
0.1275s, GSS initialization 127.09s, and GSSS initialization 17s in average. However, similar
to the Cantilever Beam example, the GSSS initialization showed the best calibration

performance.
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Figure 4-13 The quantitative result of engineering example 2
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Chapter 5. Conclusions
5.1 Summary and Contributions

This thesis proposed the GSSS algorithm, an initial point search algorithm, to perform

Bayesian model calibration using the MCMC method with insufficient statistical information.

Contribution 1: Analysis of the effect of the initial point of the MCMC method
for Bayesian model calibration

Although it has not received attention in the current MCMC study, when applying the MCMC
method practically, the initial value is greatly affected by resource limitations, numerical
errors, the high dimensionality of distribution, and multi-modal characteristics. In a study
related to Bayesian calibration using MCMC, the initial value was selected using prior
knowledge, but it was difficult to apply in the absence of prior knowledge. In order to use the
MCMC through this study, the necessity of systematically selecting initial values was

suggested.

Contribution 2: Development of cost-effective initial point search algorithms
applicable to the high-dimensional multi-modal distribution

This thesis proposed the GSSS algorithm, an initial point search algorithm, to perform
Bayesian model calibration using the MCMC method with insufficient statistical information.
The proposed method was developed by introducing the greedy and stochastic properties to
the GSS algorithm. The greedy choice method reduces the computational cost in high
dimensional, modifying the time complexity of 0(2") to O(N). The stochastic search
method allows the algorithm to search multiple modes while evenly searching the entire
search space. In summary, The proposed method can search high-dimensional distribution

efficiently, and furthermore, it is applicable to multi-modal distribution.

Contribution 3: Conducting a case study in the various field, applying the
proposed method to examples in various fields
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We verified the utility of the GSSS algorithm by conducting three case studies: one numerical
example and two engineering examples. In a numerical example using MoG6 distribution,
the multi-modal distribution search performance was quantified using KL-divergence as a
metric, and the cost was compared. Then, the cantilever beam example and the transmission
model example were performed, and the performance was quantified by MSE and compared.
This process confirmed that the proposed method had a positive effect on the Bayesian model
calibration.

5.2 Suggestions for Future Research

This thesis proposed the necessitation of a proper initial point of the MCMC method and a
new initial point search algorithm. We demonstrated three case studies to validate the

excellence of the proposed method.

Issue 1: Excessive simplification of the algorithm in higher dimensional space

In the case studies presented in this thesis, all distributions used a six-dimensional distribution.
However, the algorithm's time complexity is very efficient as O(N), performance
degradation is concerned as the dimension increases. Therefore, it may be necessary to
improve the algorithm to control the trade-off between computational cost and algorithm

performance and analyze algorithm performance according to dimension.

Issue 2: Absence of evaluation process for the searched initial point in the
implementation process

Although the proposed method can search the multi-modal distribution efficiently, all the
initial values searched may not be proper. Suppose Bayesian model calibration can be
selectively performed based on a metric that can evaluate the suitability of the selected initial
value. In that case, the robustness of the proposed method can be improved. For this, it is

necessary to devise a metric that can evaluate the suitability of the initial value.

Issue 3: Application to other fields using the MCMC algorithms
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Although the developed method is an initial value study of MCMC for model calibration, the
research motivation was to solve the challenge of using MCMC in the condition of
insufficient prior knowledge. Therefore, it will be possible to expand the scope of application

by solving problems in other fields that use MCMC.
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