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Abstract 
 
It has been reported that a carbon nanotube (CNT) is one of the strongest materials with its high failure stress and strain. Moreover, the 

nanotube has many favorable features, such as high toughness, great flexibility, low density, and so on. This discovery has opened new 
opportunities in various engineering applications, for example, a nanocomposite material design. However, recent studies have found a 
substantial discrepancy between computational and experimental material property predictions, in part due to defects in the fabricated 
nanotubes. It is found that the nanotubes are highly defective in many different formations (e.g., vacancy, dislocation, chemical, and 
topological defects). Recent parametric studies with vacancy defects have found that the vacancy defects substantially affect mechanical 
properties of the nanotubes. Given random existence of the nanotube defects, the material properties of the nanotubes can be better un-
derstood through statistical modeling of the defects. This paper presents predictive CNT models, which enable to estimate mechanical 
properties of the CNTs and the nanocomposites under various sources of uncertainties. As the first step, the density and location of va-
cancy defects will be randomly modeled to predict mechanical properties. It has been reported that the eigenvector dimension reduction 
(EDR) method performs probability analysis efficiently and accurately. In this paper, molecular dynamics (MD) simulation with a modi-
fied Morse potential model is integrated with the EDR method to predict the mechanical properties of the CNTs. To demonstrate the 
feasibility of the predicted model, probabilistic behavior of mechanical properties (e.g., failure stress, failure strain, and toughness) is 
compared with the precedent experiment results.  
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1. Introduction 

Nanostructured materials have the potential to provide or-
der-of-magnitude increases in stiffness-to-weight and 
strength-to-weight ratios relative to current materials used for 
structural engineering applications [1, 2] and for small-scale 
devices [3-5]. The material properties of the CNTs have been 
investigated thoroughly using molecular mechanics (MM), 
molecular dynamics (MD), and quantum mechanics (QM) 
methods [6-13]. The Young’s moduli of the CNTs are around 
1 TPa, which is comparable to the diamond. Table 1 summa-
rizes both computational and experimental results for the ma-
terial properties. Substantial difference is found between the 
computational and experimental results in prediction of the 
material properties. The difference is mainly due to the defects 
in the CNTs and the modeling/testing fidelity. Although QM 

simulation is considered to be the most accurate method, it is 
almost impossible to simulate the failure properties of the 
CNTs, due to its expensive computation. Given computational 
intensiveness, the MD simulations with empirical potential 
models, such as Brenner potential model, modified Morse 
potential model, and universal force model, are extensively 
used for material modeling. Most MD simulations have been 
focused on predicting material properties of defect-free nano-
tubes. As shown in Table 1, the recent studies reported that the 
defect-free CNTs have around 100 GPa of the failure stresses 
and 15-30% of the failure strain. 

Compared with simulations, only small amount of experi-
ments [14-16] have been carried out to measure the mechani-
cal properties of the CNTs due to the small scale. As shown in 
Table 1, experimental approach has reported substantially 
lower values of failure stress and strain, for example, 11-63 
GPa of the failure stress, 2-12% of the failure strain, and 270-
950 GPa of Young’s modulus for the CNTs [16]. 

One of the reasons for such discrepancy between simula-
tions and experiments can be found in manufacturing defects 
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in the nanotubes. It has reported [17] that the CNTs are highly 
defective by studying the radial compressibility and intercala-
tion with potassium and rubidium. Vacancy defects due to 
irradiation effects [18-20] have been investigated and could be 
the most important reason causing such a large discrepancy 
between simulations and experiments. The CNTs manufac-
tured using injection chemical vapor decomposition (CVD) 
method have been reported full of defects [21]. Therefore, the 
defective CNTs should be considered in simulations to explain 
such a discrepancy.   

A few simulations have been carried out [10, 12, 13] to 
study the influence of vacancy defects to the failure stress, 
failure strain, and Young’s modulus of the CNTs. The trend is 
observed that more vacancy defects cause the inferior me-
chanical properties of the CNTs. Even if the number and types 
of defects and their locations are conceived to be random, no 
research has attempted to explain such discrepancy from the 
statistical point of view. For material design, it is critically 
important to predict mechanical properties of the CNTs with 
consideration of random manufacturing defects. The long-
term objective of this research is to develop a multiscale pre-
dictive model for composite materials reinforced by the CNTs, 
as shown in Fig. 1. This research proposes a predictive model 
for the CNTs with consideration of random manufacturing 
defects. First, this study investigates the effect of radius and 
length effects on the material properties of the defect-free 
CNTs. Then, the number of vacancy defects is considered as 
random parameter. In the presence of the vacancy defects in 
the CNTs, the material properties are predicted statistically. 
The eigenvector dimension reduction (EDR) method is em-
ployed for predictive modeling of the CNTs.  

Uncertainty quantification is of critical importance to un-
derstand random nature of physics in engineering systems. 

However, a common challenge in uncertainty quantification is 
a multi-dimensional integration to quantify probabilistic na-
ture of a system. It is almost impossible to conduct the multi-
dimensional integration analytically and direct numerical inte-
gration is not feasible due to its computational cost. Other than 
direct numerical or analytical integration methods, existing 
methods for uncertainty quantification can be categorized into 
four groups: 1) sampling method; 2) expansion method; 3) the 
most probable point (MPP)-based method; and 4) approximate 
integration method. 

The sampling method is the most comprehensive but con-
siderably expensive to use for estimating statistical moments 
of system responses. So, it is often used for verification of 
uncertainty quantification analysis when alternative methods 
are employed. The idea of the expansion method is to estimate 
statistical moments of system responses with a small perturba-
tion to simulate input uncertainty. This expansion method 
includes Taylor expansion, perturbation method [22, 23], the 
Neumann expansion method [24], etc. All expansion methods 
could become computationally inefficient or inaccurate when 

Table 1. Comparison of simulation and experiment results. 
 

  Young’s modulus (TPa) Failure stress (GPa) Failure strain (%) 
Yakobson et al. (1997) 

Theoretical study 1.067 300 30 

Lu (1997) 
Empirical force constant model 0.971 ~ 0.975 - - 

Yao & Lordi (1998) 
Universal force field model ~1 - - 

Zhou et al. (2000) 
Electronic energy band theory 1.065 - - 

Belytschko et al. (2002) 
Modified Morse model 1.16 93.5 15.7 

Ogata & Shibutani (2003) 
Tight binding theory 0.965~0.979 - - 

Mielke et al. (2004) 
Brenner potential model 0.78~0.92 88~105 18.1~29.7 

Simulation 

Sammalkorpi et al. (2004) 
Brenner potential model 0.67~0.7 - - 

Wong et al. (1997) 0.69 ~ 1.87 - - 

Salvetat et al. (1999) 0.81 - - Experiment 

Yu et al. (2000) 0.27~0.95 11~63 2~12 

 
 

Cabon 
Nanotube

Aluminum 
crystal 

structure  
 
Fig. 1. Composite material reinforced by the CNTs. 
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the number or the degree of input uncertainty is higher. More-
over, since it requires high-order partial sensitivities of system 
responses, it is not practical for the applications of the CNTs. 
The MPP-based method has widely been used to perform 
reliability analysis. Rotationally invariant reliability index is 
introduced through a nonhomogeneous transformation [25]. 
However, the MPP-based method requires the first-order sen-
sitivities of system responses. So, it is not applicable for the 
discrete variable of vacancy defects in the CNTs.  

The approximate integration method is a direct approach to 
estimate the PDF (or statistical moments) through numerical 
integration. This paper integrates the eigenvector dimension-
reduction (EDR) method [26] for the uncertainty quantifica-
tion of mechanical properties of the CNTs. It has been shown 
that the EDR method is the most accurate and efficient 
method for the uncertainty quantification. In this paper, a brief 
review of EDR method is firstly presented. Next, mechanical 
properties of the CNTs (failure stress, failure strain and tough-
ness) with respect to vacancy defects are carried out at the 
EDR eigenvector sample points. Finally, Probability density 
functions (PDFs) of mechanical properties are constructed 
based on the assumed input vacancy uncertainty.  

 
2. Review of eigenvector dimension reduction (EDR) 

method 

In general, statistical moments (or PDF) of system re-
sponses can be calculated as 

 

{ }( ) ( ) ( )m mY Y f d
+∞ +∞

−∞ −∞
= ⋅ ⋅∫ ∫ VE X x x x

 
(1) 

 
in Eq. (1), a major challenge is a multi-dimensional integra-
tion over the entire random input domain. To resolve this dif-
ficulty, the EDR method uses an additive decomposition [27] 
that converts a multi-dimensional integration in Eq. (1) into 
multiple one-dimensional integrations. Thus, Eq. (1) can be 
approximated as  
 

( ) ( ) ( )m m mY Y Y f d
∞ ∞

−∞ −∞
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(2) 

 
where 

1 1 1 11
( ,..., , , ,..., ) ( 1) ( ,..., )N

j j j N Nj
Y Y X N Yμ μ μ μ μ μ− +=
= − − ⋅∑ .  

 
Using a binomial formula, Eq. (2) can be evaluated by exe-

cuting one-dimensional integration recursively. Uncertainty of 
system responses can be evaluated through multiple one-
dimensional numerical integrations. The challenge of the 
problem still remains how to carry out one dimensional inte-
gration effectively.  

To overcome the challenge, the EDR method incorporates 
three technical components: (1) eigenvector sampling, (2) 
one-dimensional response approximations for efficient and 
accurate numerical integration, and (3) a stabilized Pearson 
system for PDF generation. 

2.1 Eigenvector sampling 

Accuracy for probability analysis can be increased as the 
number of integration points becomes larger in recursive one-
dimensional integration. However, the increase of integration 
points makes simulations prohibitively expensive. To achieve 
both accuracy and efficiency in probability analysis, one di-
mensional response surface will be created using samples 
along the eigenvectors of a random system. For efficiency, the 
EDR method employs only either three or five samples along 
each eigenvector, depending on nonlinearity of the system 
responses. For N number of random variables, the EDR 
method demands 2N+1 or 4N+1 samples including the design 
point. 

To obtain the eigenvectors and eigenvalues, an eigen-
problem can be formulated as  

 
λ=ΣX X  (3)  

 
where X and λ are eigenvectors and eigenvalues of the covari-
ance matrix, Σ. Depending on statistical configuration of the 
system, four different types of problems can be defined: (a) 
uncorrelated and symmetric, (b) correlated and symmetric, (c) 
uncorrelated and asymmetric, and (d) correlated and asymmet-
ric. For any circumstance, eigenvector samples will be found 
at 
 

1 2 and i i i i i iX k X kμ λ μ λ′ ′= − = +  (4)  
 

where Xi
′ and λi are the ith eigenvector and eigenvalue, and k 

determines samples along the eigenvectors. The eigenvector 
samples are used for constructing one-dimensional response 
approximation using SMLS method in the following section. 

 
2.2 Stepwise moving least squares (SMLS) method for nu-

merical integration 

The moving least squares (MLS) method [28] is improved 
by a stepwise selection of basis functions, referred to as the 
stepwise moving least squares (SMLS) method. The optimal 
set of basis terms is adaptively chosen to maximize numerical 
accuracy by screening the importance of basis terms. This 
technique is exploited for approximating the integrand in Eq. 
(2). The idea of a stepwise selection of basis functions comes 
from the stepwise regression method [29]. The SMLS method 
allows the increase in the number of numerical integration 
points without requiring actual system evaluations through 
simulations or experiments. Thus, a large number of integra-
tion points can be used to increase numerical accuracy in as-
sessing statistical moments of the responses while maintaining 
high efficiency. The EDR method has no restriction to choose 
numerical integration schemes. 

 
2.3 A stabilized Pearson system 

The Pearson system [30] can be used to construct the PDF 
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of a random response (Y) based on its first four moments 
(mean, standard deviation, skewness and kurtosis). The detail 
expression of the PDF can be achieved by solving the differ-
ential equation as 

 

2
0 1 2

1 ( )
( )

dp Y a Y
p Y dY c c Y c Y

+
= −

+ +
 (5) 

 
where a, c0, c1 and c2 are four coefficients determined by the 
first four moments of the random response (Y) and expressed 
as 
 

1
0 2 1 2 1 2

1
1 1 2 2 1 2

1
2 2 1 2 1

(4 3 )(10 12 18)

( 3)(10 12 18)

(2 3 6)(10 12 18)

c

a c

c

β β β β μ

β β β β μ

β β β β

−

−

−

= − − −

= = + − −

= − − − −

  

 
where β1 is the square of skewness, β2 is the kurtosis, and μ2 is 
the variation. The mean value is always treated as zero in the 
Pearson System, and it can be easily shifted to the true mean 
value once the differential equation is solved. Basically, the 
differential equation can be solved based on the different as-
sumptions of the four coefficients a, c0, c1, and c2. For exam-
ple, if c1=c2=0, this equation can be solved with a normal dis-
tribution, and the type 1 in Pearson system corresponds to 
both roots of c0+c1Y+c2Y2 being real. In Pearson system, how-
ever, a singularity problem is often found due to the fail of 
calculating coefficients of a specific distribution type, which 
results in a numerical instability.   

In the EDR method, a stabilized Pearson system is proposed 
to avoid instability. Two hyper-PDFs are generated by fixing 
the first three statistical moments, and incrementally adjusting 
the original kurtosis by slightly increasing or decreasing the 
value until two hyper-PDFs are successfully constructed. Then 
these two hyper-PDFs are used to approximate the PDF with 
original moments.  

 
3. Computational methods 

In an MD simulation, some popular potential models are 
available such as Tersoff-Brenner models [31-33], a modified 
Morse model [10], and a universal force field (UFF) model 
[34]. Different models could produce different mechanical 
properties of the CNTs. It is found using three different mod-
els that the size effect [35] on the Young’s modulus of the 
CNTs is insignificant when a tube diameter is larger than 2 nm. 
However, when the tube diameter is less than 2nm, all three 
different models show significant discrepancy in the predicted 
Young’s moduli. In this paper, modified Morse potential 
model is employed because its result is close to those from the 
QM simulation, compared to the other models [10]. 

 
3.1 Modified Morse potential and force model 

The potential energy of atom i can be expressed as  

i stretch angleE E E= +  (6) 
 

where Estretch and Eangle are the potential energies for two-atom 
and three-atom interactions, respectively, and expressed as 
 

{ }_ 0
2( )1 1ij dr r

stretch eE D e β− −⎡ ⎤= − −⎣ ⎦  (7) 

2 4
0 0

1 ( ) 1 ( )
2angle ijk sextile ijkE k kθ θ θ θ θ⎡ ⎤= − + −⎣ ⎦  (8) 

 
where

0 0
2 4

1.39( ), 3.7647( ), 2.625(1/ ), 2.094( ),

5.618( / ), 0.754( )
e

sextile

r A D eV A rad

k eV rad k radθ

β θ
° °

−

= = = =

= =

and rij_d is the distance between two atoms, and θijk is the bond 
angle among three atoms. 

In the MD simulations, the force acting on each atom must 
be calculated to simulate the motion of atom. Basically, the 
force acting on each atom i is the first derivative of its poten-
tial energy with respect to the position and can be obtained as  

 
anglei stretch

i
i i i

EE EF
r r r

∂⎛ ⎞∂ ∂
= − = − +⎜ ⎟

∂ ∂ ∂⎝ ⎠
. (9) 

 
The detail derivation of the atomic forces is given in Ap-

pendix A.1. 

 
3.2 Formulation of uncertainty of vacancy defects  

Since the number of missing atoms (or defects) must be a 
non-negative random variable, a bounded distribution must be 
used with a lower bound a = 0. Although the number of de-
fects is discrete, a continuous distribution will be considered 
because a defect density (continuous random variable) will be 
employed in future research. The number of vacancy defects 
is assumed to be a 4-parameter Beta distribution defined as 

 
1 1

1

( ) ( )( ) ; , 0
( , )( )

p q

p q

x a b xp x a x b p q
B p q b a

− −

+ −

− −
= ≤ ≤ >

−
 (10) 

 
where p and q are the shape parameters, a and b are the lower 
and upper bounds, respectively, of the density function, and 
B(p,q) is the beta function. The upper bound (b) is assumed to 
be 10. The mean and standard deviation of beta distribution is 
assumed to be 5 and 1, respectively. The density function of 
vacancy defects is shown in Fig. 2. Then, the eigenvector 
samples for the number of vacancy defects using the EDR 
method are 2, 5, and 8. Using the MD simulation, the me-
chanical properties of the CNTs at the eigenvector samples are 
computed to further construct the density function of me-
chanical properties. In this paper, vacancy defects are assumed 
to be concentrated in the CNTs, as shown in Fig. 3.  

It has been reported [19] that vacancy defects can be 
mended through atomic rearrangements, referred to as surface 
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reconstruction. It has also been observed [36] that surface 
reconstruction is unnecessary if an initial configuration of 
vacancy defects is sufficiently stable. Therefore, in this paper, 
the stability of vacancy defects is firstly studied using the 
modified Morse potential model. It is found that for the same 
number of vacancy defects, the CNT surface could remain 
same in Fig. 4(a) or reconstructed from Fig. 4(b) to Fig. 4(c). 
For example, in a 2-atom vacancy defect case, there are two 
possible constructions as shown in Fig. 4(a) and (b). The for-
mer is very stable, so the reconstruction is unnecessary. But 
the later is unstable so that atoms are easily rearranged to form 
a more stable configuration, as shown in Fig. 4(c). It must be 
aware that for the same number of vacancy defect, the me-
chanical properties, such as failure stress and failure strain, 
could be slightly different whether or not a surface reconstruc-
tion is considered. In this paper, however, only relatively sta-
ble structures without surface reconstruction are considered, 
since this paper is focused on a predictive model development 

with consideration of random vacancy defects. 
 
3.3 MD simulation process 

For a given configuration of the CNTs, a conformal map-
ping method [37] is employed to construct the CNTs. Then, 
any vacancy defects corresponding to the eigenvector sample 
points are implemented in the CNTs. In order to find the initial 
state of the CNTs, the molecular mechanics (MM) simulation 
is employed to minimize the potential energy of the CNTs. 
Then the CNTs are stretched with a small displacement at one 
end of the CNTs and keep the other end fixed. After the 
stretch, force relaxation must be done with a small strain rate. 
The forces and stresses at the stretched end of the CNTs are 
recorded during this tensile simulation test until the CNTs are 
fractured. For any displacement increment, the MD simulation 
employs a velocity verlet algorithm to update the velocity and 
location of atoms with the time step of 0.5 fentosecond. At the 
same time, a velocity rescaling method is used to control the 
temperature of simulation system at 300 K. The flowchart of 
the MD simulation is shown in Fig. 5. 

 
4. Results and discussion 

In this paper, the [10,0] CNT with the length of 6nm is 
mainly used to study probabilistic behavior of mechanical 
properties of the CNTs. In this study, smaller diameter of the 
CNTs is used, compared with the CNTs, [150,0] to [450,0], 
used in the experiment. It is mainly because of a computa-
tional expense. Based on the previous reported results [12] 
using Tersoff-Brenner potential model, no difference is found 
in both failure stress and strain for the CNTs with small and 
large diameters. Considering the length, there is around 1% 
difference of failure strain for short and long nanotube, and the 
failure stress is almost the same for both cases. Although the 
simulation results for the [10,0] CNT is comparable to those 
from the experiment, a special caution must be paid because 
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Fig. 2. Distribution of number of missing atoms. 

 

 
(a) 2 atom vacancy 

 
(b) 5 atom vacancy  (c) 8 atom vacancy

 
Fig. 3. Vacancy defects of carbon nanotube. 

 

 
(a) 

 
(b) (c) 

 
Fig. 4. Two-atom vacancy and surface reconstruction. 

 

 
Fig. 5. Flowchart of the MD simulation process. 
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the modified Morse model is employed in this paper and in-
consistence to Young’s moduli using these two models has 
been observed [35]. Therefore, the effect on the mechanical 
properties is investigated with the modified Morse potential 
model and the [10,0] CNTs. Strain rate is another important 
factor that could cause artificially higher failure stress and 
strain in the MD simulation [38]. 

 
4.1 Strain rate effect  

It has been observed [38] that a substantial difference of the 
strain rate between the MD simulations and experiments could 
be one of the reasons causing a high failure strain in the simu-
lations. Due to the time scale (fentosecond) used in the MD 
simulations, the strain rate in the MD simulations is usually on 
the order of 0.1%~1%/picosecond, however, in the experi-
ments, a strain rate as 0.1%~1%/minute is usually applied. 
Thus, a slow enough strain rate must be identified to avoid 
artificially high failure strain or failure stress. In this example, 
the [10,0] defect-free CNT with around 2nm of length is tested 
with 0.1%/ps and 1%/ps strain rate. In both cases, 0.2% strain 
(0.004nm displacement) is applied at one end of the CNT at 
each stretching process. For 0.1%/ps and 1%/ps strain rate, 
2000 ns and 200 ns are used for the relaxation of 0.2% strain. 
The forces applied at the edge atoms with reduced unit (eV/A) 
are recorded for the whole tensile test process. In order to 
make it easy to identify the shape of force curve during the 
relaxation time, the curves are displayed for every 1% strain 
applied to the nanotube. It can be observed from Fig. 6(a) and 
Fig. 6(b) that the forces acting on the edge atoms are first 
sharply decreased because of the sudden displacement applied 
at the edge atoms, then gradually converged to stable values 

with sufficient time for the force relaxation. The average force 
is obtained in the last 100 ns at all strain values. The curves 
are shown in blue color if no fracture failure of the nanotube is 
observed; otherwise red color is used to denote the fracture 
failure, which is indicated by the drop of the average force 
during the tensile simulation. The force relaxation is per-
formed with a slow relaxation rate (0.1%/ps) in Fig. 6(a) and 
with a fast strain rate (1%/ps) in Fig. 6(b). In both cases, the 
corresponding stress-strain curves are displayed in Fig. 6(c). 
The curves with two different strain rates are almost identical. 
Therefore, the faster strain rate can be used to save computa-
tional time. However, the failure stress and strain can be over-
estimated with more than 1%/ps of strain rate. For the longer 
CNTs, a longer relaxation time is necessary to make the forces 
converge to a stable state. Thus, it is important to identify a 
proper strain rate to achieve an accurate and efficient estimate 
of mechanical properties. 

 
4.2 Length effect  

The length of the CNTs is directly related with the compu-
tation time of the MD simulation. It has been found [12] that a 
long nanotube always produces smaller failure strain com-
pared with a short one (~ 2 nm) although the difference seems 
to be small (around 1%). However, failure stresses remain 
constant for the short and long nanotubes. In this paper, the 
length effect is studied with the modified Morse potential to 
find the minimal length of the CNTs required for the predic-
tive CNT model. This study employs the [10,0] CNTs with 
the lengths of 2 nm, 6 nm, and 10nm. The stress strain curves 
for those CNTs are shown in Fig. 7. The consistent result to 
the previous study [12] is obtained, which gives smaller fail-
ure strain and slightly higher stress throughout the stress-strain 
curve for the longer CNT. The differences of failure strain and 
stress between 2 nm and 6 nm CNTs are 1.4% and 0.3 GPa, 
respectively. However, the difference between 6 nm and 10 
nm CNTs is found to be negligible. Therefore, this study sug-
gests to use 6 nm CNT considering computational efficiency 
and accuracy.  

 

 
(a) Force relaxation with 0.1%/ps 

strain rate  
(b) Force relaxation with 1%/ps 

strain rate 

 

 
(c) Stress-strain curves of 1%/ps and 0.1%/ps strain rate 

 
Fig. 6. Study of strain rate effect. 
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Fig. 7. Study of length effect. 
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4.3 Uncertainty quantification of mechanical properties  

At the eigenvector sample points (2, 5, and 8 atom defects), 
the MD simulations are carried out using the [10,0] carbon 
nanotube with the length of 6nm. For the CNT with five va-
cancy defects, a fracture process is displayed in Fig. 8. The 
mechanical properties are listed in Table 2 for both defect-free 
and defective CNTs. The stress-strain curves are shown in Fig. 
9(a). It is found that vacancy defects significantly reduce the 
failure stress, failure strain and toughness. The Young’s 
modulus is also slightly reduced by vacancy defects. Using the 
information at the eigenvector sample points, the EDR method 
is employed to construct the probability density function of 
mechanical properties with consideration of random vacancy 
defects (the mean μ = 5 and the standard deviation σ = 1 for 

the number of vacancy defects). The results are shown in Fig. 
9(b)-(d) for [10,0] carbon nanotube with a solid line. It is ob-
served that failure strain is in the range of 6%-11%, which is 
consistent with experiment results. However, failure stresses 
are mostly located from 50-90 GPa, which are slightly higher 
than the experiment results 11-63 GPa.  

 
5. Conclusion 

This paper presents a predictive CNT model that enables to 
study the probabilistic nature for mechanical properties of the 
CNTs using the EDR method. It is found that vacancy defects 
can significantly affect the mechanical properties of the CNTs. 
Furthermore, under the assumption on the random property of 
vacancy defects, the EDR method produces the PDF of me-
chanical properties with three simulations. Although the pre-
dicted failure strain is close to the experiment result, the pre-
dicted failure stress is still higher compared with the experi-
ment result. Based on the findings in this paper, the following 
research topics will be further investigated in near future. First, 
the size effect study with different radii will be carried out, 
which will provide a good comparative result between simula-
tion and experiment. Next, a defect density in the CNTs will 
be considered as a random parameter. Finally, the mechanical 
properties of nanocomposites reinforced by the CNTs will be 
predicted in multi-length scales under various sources of 
manufacturing uncertainties. 
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Nomenclature------------------------------------------------------------------------ 

fX(x) : Probability density function of random variables X 
Y(x) : System response of input random variables X 
E : Expectation operator 
N : Total number of input random variables 
Y  : Approximated system response  
Σ  : Covariance matrix 
λ  : Eigenvalues 
Estretch  : Potential energies for two-atom interactions 
Eangle : Potential energies for three-atom interactions 
rij_d  : Distance between two atoms 
θijk  : Bond angle among three atoms 
Fi : Force acted on ith atom 
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Appendix  

A.1. Derivation of atomic force 
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The bond angle among atoms i, j, and k is defined as: 
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The derivative of cos ijkθ  with respect to the position of 

atom i can be expressed as: 
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